Abstract: The paper reports on a control design for an experimental platform that contains two aligned motorized gimbals stabilizing an optical payload around a single axis using measurements from an inertial angular rate sensor (MEMS gyro). Such a laboratory system represents a simplified testbed for the more practically useful line-of-sight stabilization. The paper defends the choice of the control configuration and argues that when using MIMO design procedures, enforcing some structure upon the transfer function matrix makes the controller implementation and fine-tuning easier. Such structural constraints were taken into consideration in the computational H ∞ design by using the publicly available HIFOO solver based on algorithms for non-convex and non-smooth optimization. Results are contrasted with the controllers designed with classical methods and full MIMO H ∞ optimization.
INTRODUCTION
This paper documents in some detail a computational design of a feedback controller for an electromechanical system ( Fig.  1 ) that uses two aligned motorized gimbals (joints, shafts) to rotate an optoelectronic payload such as cameras and/or laser range-finders or markers around a single axis. Besides orienting the payload upon command, the other key role of the control system is to isolate the inertial orientation of the payload from an unwanted disturbing rotational motion of the platform base, thus simulating the scenario when the platform is carried on some mobile vehicle In order to turn the introduced experimental platform into a practically useful system, at least one more rotational degree of freedom would have to be added so that inertial stabilization of the optical axis of a payload is feasible, resulting in the so-called inertial line-of-sight stabilization surveyed by Hilkert (2008) and Masten (2008) . Such a platform with four degrees of rotational freedom is indeed being built by the authors. Nonetheless, the objective of this paper is to explore in some depth the single axis case first because the added complexity due to two controlled gimbals rotating around a common axis makes the problem nontrivial. Hurák andŘezáč (2009) have already presented some control design issues related to a more conventional double-gimbal inertially stabilized camera platform. The present work constitutes a step towards an upgrade of that technology where the popular double gimbal system is replaced by a quadruple of gimbals.
Survey of related literature
Related research can be found under the label of dual-stage control in the area of positioning of read/write (R/W) heads in some modern hard disk drives. It is reported, for instance, by Herrmann and Guo (2004) ; Oldham et al. (2008) ; Semba et al. (1999) and Schroeck et al. (2001) . In order to see how much inspiration can be taken from this area, let us describe the basic principle. A rotating arm with an R/W head at one end is actuated by a rotary voice-coil motor at the other end, which can bring the R/W head onto the required position (track). Standard hard disks live with just this configuration. The upgrade consists in fabrication of the the tip of the arm such that a tiny flexible joint with a very limited angle is created there. Deflection of the very tip with the R/W head is then actuated by contracting/extracting piezoelectric microactuators. This creates the second stage with fine and fast pointing.
Obviously, the difference between the concepts of dual-stage control in hard-disk drives and inertial platforms is that in the former the contribution of two actuators is added (voice-coil motor responsible for large angular deflection and piezos for a tiny but fast refinement) whereas in the latter the inner gimbal is (theoretically) decoupled from the motion of the outer gimbal. This decoupling is the key property in inertially stabilized systems since the Newton second law works for us through socalled mass stabilization.
To the best of the authors' knowledge, use dual-stage concept in the area of inertial line-of-sight stabilization is not documented in the literature. Perhaps the only exception is by Lyou et al. (2009) , who focus more on the image processing related issues rather then inertial sensing based stabilization.
There is yet another application area where the issue of controlling a single variable using two actuators has been studied in a context almost identical to the one presented here. It is denoted mid-range control and is explained in some process control texts, for instance, byÅström and Hägglund (2005).
H ∞ design with structural constraints
It will be shown in the paper that the particular control problem naturally invokes a requirement on a structure of the MIMO Fig. 1 . Experimental system for benchmarking dual-stage inertial stabilization algorithms. The inner gimbal is actuated by a linear voice coil motor, which imposed stringent limits on the angular range (±5 o ). The outer gimbal is actuated by a rotary brushed DC motor.
controller or MIMO closed-loop transfer functions. By the term structure we mean that some of the transfer functions are fixed to zero. Such design constraints are tremendously difficult to take into account in an optimization-based control design because they render the set of admissible controllers non-convex. One of the contributions of this paper, apart from the discussion of the control configuration as such, is a welldocumented practical application of one concrete numerical solver for fixed structure and fixed order H ∞ control design. It is the HIFOO solver for Matlab recently released into a public domain by Gumussoy et al. (2009) . This paper can be partially viewed as a case study for such a nice tool.
EXPERIMENTAL SETUP FOR SINGLE-AXIS DUAL-STAGE INERTIAL STABILIZATION
In order to investigate the control issues arising in inertially stabilized platforms with dual joints, a single-axis dual-stage benchmark platform has been designed and built (see the photo in Fig.1 and the sketch in Fig. 2 [I] are then connected through the linear voice coil motor, which exerts a torque. The inertial angular rate of the shaft of the DC motor is denoted ω p , the inertial angular rate of the middle stage, which is dynamically connected to the DC motor via a belt gear and which hosts the "stator" of the voice coil motor, is denoted ω 2 . The inertial angular rate of the payload as measured by the attached MEMS gyro and actuated by the VCM is denoted ω 1 . The remaining variables are the inertial angular rate of the carrier denoted ω c , which in this particular application is measured through a measurement of the angle ϕ c using an incremental encoder. Another angular measurement is the misalignment e ϕ between the inner stage and the middle stage. Whereas the rotary DC motor can rotate n times 360
• , the inner stage misalignment angle e ϕ is limited to ±5
• ≈ ±0.087 rad.
FEEDBACK CONTROL CONFIGURATION
The key task for the control system is to bring the inertial angular rate ω 1 of the payload to a desired value and keep it there irrespectively of the disturbing rotational motion of the carrier given by the rate ω c . When there is not request to redirect the payload, the task is to keep the payload still, that is, ω ref 1
= 0, while keeping the angular misalignment e ϕ between the inner and the outer gimbals in the middle of the range, that is e ϕ = 0 so as not to hit the mechanical limits. Now, which motor is responsible for what? As a matter of fact, both motor can participate in both tasks leading to a full MIMO controller, but from the viewpoint of simplicity of implementation and fine-tuning, a decision was made to assign roles to the motors. Regulating (or tracking) of the reference angular rate ω is achieved by applying the voltage u 1 calculated by the controller K 1 to the VCM. This is the inner control loop. The outer loop is measures the angle e ϕ and pushes this value to zero by applying the voltage u 2 computed by the controller R 2 to the windings of the rotary DC motor. Block diagram is in Fig. 3 .
Major improvement in regulating the angle e ϕ can be achieved by introducing a feedforward term F from the reference rate ω ref 1
to the voltage u 2 . The presence of this term may be easily justified. A classical feedforward controller in motion control applications takes the reference angle ϕ 1 , differentiates it twice in order to obtain a variable equivalent to a torque and then scales it and adds to the system input u 2 . But here the value of ϕ 1 is not measured. Instead, the dynamics from ω ref 1
to ϕ 1 is known (suppose we already designed the controller K 1 ).
The purpose of the feedforward controller is to shape signal ω 1 and bring it to the outer stage (DC motor) so that the misalignment angle e ϕ is kept small (or possibly zero). In other words, when there is a nonzero inertial rate to be tracked by the payload, it is not only the VCM motor that starts working, but Fig. 3 . Feedback control configuration. It is only for the sake of simplicity of the figure that the reaction torque generated by the VCM and applied to the rotary motor is not depicted here and neither are the back emf voltages, which are derived from the relative and not the inertial rates. also the rotary DC motor that receives an immediate command as well. It does not wait for the error e ϕ to build.
MODEL OF DYNAMICS
This section develops a dynamic model of the system. The list of all components and their parameter values is in Table 1 .
The structure of the DC motor with a gearbox and an external flexible belt gear is depicted in Fig.4 . The structure is modeled as a classical DC motor with an electrical and mechanical parts and with a viscous friction b p in the bearings. The belt gear is modeled as a double mass spring system with the spring constant k and damping b. Most of the parameters listed in Table 1 are known from motor's datasheet, the remaining ones -k, b, b p and J 2 -were identified using gray-box model fitting methods available in System Identification Toolbox for Matlab. The model is represented by (3) through (7).
The voice coil motor, described by (1) and (2), is modeled as a classical DC motor as well. But it is a linear motor, thus the applied force needs to be transformed into a torque. The projection of the force into a torque depends nonlinearly on the angle e ϕ . Nonetheless, this effect is negligible for the prescribed bounds on the misalignment e ϕ .
On the other hand, the friction in the inner stage bearings cannot be neglected since it is significant enough to disturb the inertial rate of the payload when the outer gimbal moves. As the first step the linear (viscous) model was used, represented by the constant b 1 . Of course, in order to obtain more realistic model that predicts the annoying stick-slip behavior at slow speeds, more advanced models such as those by de Wit et al. (1995) should be used. One way or another, the presence of friction causes undesired coupling between the payload and the carrier. Hence the transfer function from the disturbance ω c to ω 1 measured at the payload is certainly nowhere close to zero as one might desire. At very low frequencies it is even exactly equal to 1 (see the Fig.4) . Fig.4 also shows the frequency responses of the two motors independently.
Equations (1) through (10) State equations:
Output equations:
DESIGN OF A STRUCTURED MIMO LOW-ORDER CONTROLLER USING HIFOO
HIFOO is a third-party Matlab toolbox developed by Gumussoy et al. (2009) and had been made freely available. The acronym stands for H-infinity fixed-order optimization. It relies on advanced techniques for non-convex non-smooth optimization and therefore it can design a fixed order controller with a prespecified structure of the state space matrices. The former feature is universally welcome, the latter is appreciated in this particular project.
It is notoriously known that the design of an H ∞ -optimal controller can be written as the minimization Right: Magnitude Bode plot for the disturbance. The inertial rate ω 1 is only affected by disturbance rate ω c at very low frequencies. The middle and high frequency range exhibits nice attenuation. In contrast, the inertial rate ω 2 is affected by ω c up to 40 Hz, higher frequency range is attenuated as well due to the elasticity of the belt gear.
Wu 2 Fig. 6 . Augmented system. Sub-blocks of the controller K correspond to the feedback configuration as discussed in the section 3.
where F l is lower fractional transformation, K is the searched controller and P is the augmented plant defining both the original plant dynamics and the control objectives. A wealth of various software packages exist for solving this optimization problem. HIFOO stands out by being able to fix the order and the structure of the controller.
Augmented plant structure
The augmented plant model is evident from Fig.6 . There are two exogenous variables: ω ref 1 , and ω c and four regulated variables: z eω 1 , z eϕ , z u1 and z u2 , which are to be minimized by the feedback controller K. The variable z eω 1 specifies the weighted error between the required reference rate ω ref 1 and the measured rate from the gyro (ω 1 ). Similarly, the variable z eϕ penalizes the deviation of e ϕ from zero. The variables z u1 and z u2 put some weight on the actuator effort.
The controller K accepts the measurements from both sensors (the MEMS gyro giving the inertial angular rate ω 1 and incremental encoder giving the angle e ϕ ) and the inertial reference rate ω ref 1 . It produces two voltages u 1 and u 2 . It should be emphasized that this is just a reformulation of the configuration described in the section 3. That is the controllers K 1 , R 2 and F form the components K (1,2) , K (2,3) and K (2,1) , respectively, with the remaining sub-blocks of the compound controller K set to zero. Capability of handling such structural constraints was exactly why HIFOO was adopted here.
One possibility to specify the state space structure of a compound controller K with zero terms K (1,1) , K (2,2) and K (1,3) of the controller transfer function matrix is to consider the controllers K 1 , R 2 and F connected in parallel. The resulting state space model is characterized by the matrices A, B, C, D
where n 1 , n 2 and n 3 are here orders of controllers K 1 , R 2 and F respectively. Of course, the the order of such a compound controller is not the minimum possible. Alternative state space realization of MIMO transfer functions can be used.
Filters selection
The bandwidth of the reference angular rate that is to be tracked should certainly be bellow the gyro's bandwidth f bw . Adding the requirement of precise tracking at low frequencies with the error as low as −60 dB specifies the filter completely
The filter W 2 is selected such that effect of the disturbance ω c on the misalignment e ϕ is minimized and kept bellow 0.09 rad, which is the mechanical limit of angle e ϕ over all frequencies. Moreover the low frequency disturbances and especially the steady state disturbance should by attenuated by more than −60 dB. These requirements are fulfilled by the filter W 2 = 10s + 100 s + 0.025 .
To improve the attenuation of the effect of disturbance ω c in the inner loop at frequencies around 1 Hz, where the unwanted oscillation of the carrier are expected, an additional filter W c = 2s + 3.6 s + 3.6 is placed at the ω c 's input. Since both the input voltages are normalized (to unity) the simple choice of filter penalizing the actuator effort is W u1 = W u2 = 1.
Resulting controller
To initiate the HIFOO optimization routine, one needs to specify not only the augmented plant P , the required structure of the controller state space matrices A, B, C, D (with the orders n 1 = 1, n 2 = 2 and n 3 = 2 in our situation), but also an "initial controller". Two empirically tuned PI controllers K 1 = (s + 100)/s and R 2 = 10(s + 0.5)/s were used to build the initial compound controller K. The state space realization of the resulting controller is 
Bode plots of the resulting HIFOO controller together with the plots of the supplied PI controllers are shown in Fig.7 .
Closed loop simulations
The designed controller given by the quadruple of matrices A, B, C, D and the initial PI controllers K 1 and R 2 will be now used to evaluate the closed-loop transfer functions. Fig.8 shows the closed-loop transfer functions from the exogenous inputs (disturbance and reference) to the regulated (error) signals. The requirements on reference tracking were successfully accomplished with 10Hz bandwidth. The disturbance transfer to the inner joint (from ω c to ω 1 ) were rejected to -20dB in the worse case. The misalignment angle e ϕ is very well regulated too since the worst case value of -30dB suffices to avoid reaching the ±5
• mechanical limit (supposing the amplitude of disturbance is bounded by 1 rad/s in the scaled model). Fig.9 then follows with the closed-loop transfer functions from the disturbance and the reference signal to the control signals (actuator outputs). All of these frequency responses are bellow the 0dB value except for the top left figure. This means that the controller signal saturation may occur in case of the PI controller. This will happen only for reference signals changing faster than ≈ 0.5 rad/s since the overshoot is less than 6 dB.
Finally, Fig.10 complements frequency response plots with the responses to step changes in reference and disturbance inputs.
EXPERIMENTAL VERIFICATION
The experimental dual-stage benchmark system allows verification of the designed controllers directly from Matlab (from The Mathworks) using Real-time toolbox via DAQ card MFC624 (both products from Humusoft). The sampling rate of the algorithm was set up to 1 kHz. Two experiments were conducted with the HIFOO controller (12) -(13).
In Fig.11 and Fig.12 , the reference tracking was demonstrated. During the fast raising edge of the steps, the angle e ϕ is viewed as a disturbance is better rejected by outer joint in case of HIFOO. Note the minus mark at y-label. Fig. 13 . The experimental result of ω c rejection. At time 6.6 s the misalignment angle e ϕ has reached its mechanical limit and the disturbance passed into ω 1 as well. In cases where ω c was higher than the scaled 1 rad/s, the saturation of u 2 was observed.
increased at first and then slowly reaching zero, but always remains inside ±5
• region as desired.
In Fig.13 , a satisfactory disturbance rejection is shown. System was exposed to disturbing rotational motion of the base, with the (recorded) angular rate ω c of amplitude up to 2 rad/s. The inner stage (driven by the voice coil motor) has sufficiently attenuated the influence of this disturbance as the graph of ω 1
shows. An exceptional short moment is at time 6.6 s when the angle e ϕ reached its mechanical limit.
CONCLUSION
The paper described a practical application of a freely available HIFOO toolbox for a low-order H ∞ -(sub)optimal controller design with a specified structure. The structure was motivated by the use of the decoupled design complemented by a feedforward term. The performance of the resulting controller is comparable to that of the full H ∞ -(sub)optimal controller. The simplified implementation and tuning presents a benefit compared to the unstructured design. The experimental results support the findings obtained through numerical simulations.
